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Abstract 

Consider a face-to-face parallelohedral tiling of and a (d — fc)-diniensional 
face F of the tiling. We prove that the valence of F (i.e. the number of tiles 
containing F as a face) is not greater than 2*^ . If the tiling is affinely equivalent 
to a Voronoi tiling for some lattice (the so called Voronoi case), this gives a 
well-known upper bound for the number of vertices of a Delaunay fc-cell. Yet 
we emphasize that such an afHne equivalence is not assumed in the proof. 
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1. Introduction 

The central point of the parallelohedra theory is the famous Voronoi conjec- 
ture. 

Conjecture 1 (Voronoi). Every d- dimensional parallelohedron P is affinely 
equivalent to a Dirichlet- Voronoi domain for some d-dimensional lattice. 



Although the conjecture was posed in 1909 in the paper it has not 
been proved or disproved so far in the general case. However, several significant 
partial solutions were obtained [3, 0, M, IHl, [l2| • 

Let T{P) be a face-to-face tiling of M'' by parallel copies of a parallelohedron 
P. Choose an arbitrary {d — A:)-dimensional face F of the tiling. 

Denote by tt the orthogonal projection along lin F onto the complementary 
affine space [linF)^. Then there exists a complete fc-dimensional cone fan 
Fan{F) {the fan of F) that splits {lin F)-^ into convex polyhedral cones with 
vertex tt{F), and a neighborhood U — U{tt{F)) such that every face F' D F 
corresponds to a cone C G Fan{F) satisfying 

7r(F') n [/ = c n J7. 
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Speaking informally, Fan{F) has the same combinatorics as the transversal sec- 
tion of T{P) in a small neighborhood of F. 

The definition above is equivalent to the definition of a star of a face F, 
introduced by Ryshkov and Rybnikov [loj . yet seems to be more formal. 

Studying the combinatorial structure of such cone fans proved to be an 
effective tool to verify the Voronoi conjecture in special cases 0, 0,113] ■ 

For fixed k and varying d, it is a complicated problem to classify all possible 
combinatorial types of Fan(F) if a positive answer to conjecture [T] is not preas- 
sumed. The classification for fc = 2 has been obtained in Q and consists of 2 
combinatorial types of cone fans shown in Figure [T] 




a) b) 

Figure 1: 2 possible fans of {d — 2)-faces 



for fc = 3 Delaunay [2| proved that every fan of a (c? — 3)-face of a parallelo- 
hedral tiling belongs to one of the 5 types shown in Figure [TJ 




a) b) c) d) e) 



Figure 2: 5 possible fans of {d — 3)-faces 

The case fc = 4 has been partially considered in [9] , but the complete classifi- 
cation was not obtained, and for fc > 4 almost nothing is known. The main goal 
of this paper is to show that a classification is possible in principle for every k, 
i.e. the list of all combinatoral types of Fan F, where F is a (d— fc)-face, is finite. 
The idea is to obtain an upper bound for the number of tiling parallelohedra 
incident to a face F. 

Let 

v{F) = card{P' e r{P) : F C P'). 
v{F) will be called the valence of the face F. 

Theorem 2. Let F be a {d — k) -dimensional face of a parallelohedral tiling of 
W^. Then 

v[F) < 2^ 
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Remark. The upper bound 2*^ is sharp for all integer d, k satisfying < k < d; 
for example, for every (d — fc)-face F of a cubic tiling of R'^ holds 

i^{F)=2''. 

Theorem [5] immediately implies 

Corollary 3. Given k £ N, there exists a set of complete k- dimensional cone 
fans 

f^l J '--2 ' • • • 1 '-'JV(fe) J 

such that for every d, every d-parallelohedron P and every {d — k)-face F of 
T{P) the fan of F is isomorphic to some . 

Proof. Obviously, there is only a finite number of combinatorial types of com- 
plete fc-dimensional cone fans splitting R*^ into no more than 2*^ full-dimensional 
convex polyhedral cones. According to theorem [5J the fan of F necessarily be- 
longs to one of those combinatorial types. 

□ 

For a centrally symmetric polytope Q denote by c{Q) its center of symmetry. 
To proceed with the proof of theorem [2] recall several basic properties of 
parallelohedral tilings. 

1. A parallelohedron P is a centrally symmetric polytope (see 0). 

2. The set 

A = {c(P') : P' e T{P)} 

is a lattice (see also (sl). Under assumption e A, one can also treat A 
as a translation group. 

3. If Pi,P2 e T{P) and Fi n P2 ^ 0, then Pi n P2 is a centrally symmetric 
faceof7~(P). Moreover, 

A face F of T(P) representable in the form P = Pi n P2 , where Pi , P2 G 
T{P), is called standard (see Q). 

2. The Voronoi case 

For a better understanding of the aim, first restrict oneself to the Voronoi 
case. Start considering this case with a folklore lemma. 

Lemma 4. Let Pi,P2 G T{P) he the 2 distinct parallelohedra such that c{Pi) 
and c{P2) belong to the same class modulo 2A. (In other words, Pi and P2 
belong to the same parity class.) Then Pi n P2 — 0. 
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Proof. According to property 3 of a parallelohedral tiling (see page [3]) , 



S^^™c(P.nW (I) 

On the other hand, since c(Pi) and c(P2) belong to the same class mod 2 A, 

c(Pi) + c(F2) 
2 

Therefore '^(^^')+'^^^^'> jg g, center of some parallelohedron P3 different from Pi 
and P2. Thus 

c(Pi)+c(P2) . 

^ e mtPs, 

which is a contradiction to Lemma is proved. □ 

The technique used in the proof is rather standard. For example, similar 
methods were used in [§]. (See also [III part 1, p. 277], the description of 
parallelohedra of a given parity class adjoint to a given parallelohedron by a 
hyperface.) 

Let Ty (A) be the Voronoi tiling for some d-dimensional lattice A C M''. Then 
7v'(A) has a dual Delaunay tiling 'D{h). Every (d — A;)-face F in TV (A) has a 
fc-dimensional dual face D{F) in X'(A) such that 

D{F) = conv{c{P) : P G Tv{A) and F e P}. (2) 

Moreover, the combinatorial structure of D{F) completely describes the com- 
binatorial structure of Fan{F). In particular, v^F) is equal to the number of 
vertices of D{F). 

Proposition 5. The statement of theorem\^ holds for Voronoi tilings. 

Proof. Following the argument above, it is sufficient to prove that D{F) has at 
most 2^ vertices. According to the properties of a lattice Delaunay tiling, 

dim aff D{F) = k, 

so the set of vertices of D{F) is a subset of some fc-dimensional lattice A(P) C A. 

By lemma m every 2 vertices of D{F) belong to different classes mod 2A, 
otherwise 2 parallelohedra of the same parity class had to intersect at F. There- 
fore every 2 vertices of D{F) belong to different classes mod 2A(P). Since 
A(P) has exactly 2'' classes mod 2A(P), there are at most 2'' vertices of D{F). 
Proposition is proved. □ 

Remark. Another approach to estimate the number of vertices of D{F) is de- 
scribed in [4i, Proposition 13.2.8]. 
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Thus, if the Voronoi conjecture (conjecture [T]) has a positive answer, theo- 
rem [2] is proved. 

In the way similar to coroUary[31 proposition [S]imphes that there are finitely 
many combinatorial types of D{F) for fixed k and regardless of d. Moreover, 
an algorithm for classification all possible lattice Delaunay A;-cells is given in 



An idea of such algorithms certainly belongs to Voronoi who constructed an 
algorithm to classify all possible combinatorial types of Voronoi parallelohedra. 

For an arbitrary parallelohedral tiling T{P) and its {d — k)-ia.ce F it is also 
possible to introduce in the similar way as ^ the set 

jj(^pd-k^ ^ ^on^^c^p') . p' £ Y{P) and F'^-'' C P'}. 

As far as author knows, there are no satisfactory results on dim aff D{F) in the 
general case. 
In the case 

dim ajf D{F) < k (3) 

theorem [5] easily follows from lemma 01 Yet the inequality ([3]) remains an open 
problem. 



3. Outline of the proof 

The methods described above essentially involve the assumption that conjec- 
ture[T]has a positive answer. However, theorem [5] can be proved in non- Voronoi 
case as well, by exploiting several other ideas. 

The proof of theorem consists of the 3 main steps. 

1. Construct a set 

{Fi =F,F2,...,Pm} 

of all faces of a parallelohedron Pq € T{P) such that every 2 faces of the 
set are equivalent by a A-translation. Prove that v{Fi) = m. 

2. Refine the notion of an antipodal set given in Prove that the set 

W = {7r{F,):i^l,2,...,m}, 

is antipodal (here tt is the above defined projection along lin F onto the 
complementary space (linF)-^). 

3. Estimate the cardinality of an arbitrary antipodal set in W'. 

The third step uses the technique introduced by Danzer and Griinbaum in 
[ij. However, Q deals with antipodal full-dimensional point sets in R'^', i.e. the 
sets W satisfying dim aff W = k. Although Danzer and Griinbaum's theorem 
cannot be used directly here, it is not hard to extend the technique to the class 
of antipodal sets satisfying the refined definition. 
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4. Faces equivalent by translation 

To introduce a uniform notation, put Fi = F. Choose a parallelohedron 
Po e T{P) such that -Fi C Pq- Let 

{Fi,F2, . . . ,-Fto} 

be the set of all faces of Pq equivalent to -Fi up to a A-translation. 
Denote by t^ the vector of A-translation such that 

Fi ~\~ tij — Fj . 

For every i,j G {1,2,..., m} define 

Pij — Pq ~t~ ^ij • 

Clearly G T. 

Lemma 6. z^(Pi) = m. 

Proof. Since Fi C Pq, one has 

Fi = Fi + til C Pq + til = Pji. 

Therefore there are at least m parallelohedra of 7"(P) meeting at Pi , because 
the parallelohedra 

Po = Pii, P21, P31, • • • i Pml 

are pairwise different. 

Suppose there exists one more parallelohedron P' € T(P) such that Pi C P'. 
Thus there is a non-zero A-translation t such that P' = Pq -|- t. Obviously, 
t 7^ tji, so — t ^ tii for every i = 1, 2, . . . , m. 

Let P' = Pi - t. Since Pi C P', 

P' = Pi - t c P' - t = Po. 

Consequently, P' is a face of Pq equivalent to Pi up to a A-translation, hence 
F' = Fi for some z e {2,3,..., to}. By definition of ti^, one has 

Fi-t = F' = Fi = Fi+tu. 

Therefore — t = ti^, which is a contradiction. So, there are exactly to parallelo- 
hedra of T(P) meeting at Pi , namely 

P0,P21,P31,...,Pml. 

Thus z/(Po) = m. 

□ 
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5. Constructing an antipodal set 

Call a finite set W cM.'^ antipodal if for every pair of distinct points x,y ^ W 
there exists a pair of distinct parallel hyperplanes /3,7 such that 

X € P, y e 7, 

and W lies between /3 and 7. 

Recall that tt is a projection along lin Fi onto the complementary space W'. 

Lemma 7. Let Wi — 7T{Fi). Then 

W = {wj : i = 1, 2, . . . , m} 

is an antipodal set in R'^ . 

Proof. It is sufficient to show that for every integer i, j,l < i < j < m there 
exist two distinct parallel hyperplanes 7^^ and jjt such that 

Wi e 7ij, Wj e jji, 

and W lies between these hyperplanes. 

In R'' take the hyperplane that separates the parallelohedra Pq and Pji 
from each other. (F^ has to be a supporting hyperplane to each of these 2 
parallelohedra.) Since Fj C Pq, 

Fi Fj 4" tj2 d Pq ~\' ^ji — Pji , 

and therefore Fi C Pq H Pji C Tij . 

By definition, put Tji — Tij — tji . The hyperplane F^- is supporting to Pji , 
so the hyperplane F^ is supporting to Pji — tji — Pq. Also, since Fi C F^ , 

F- — t- rF- — t- — F- 

Thus Tij and Fji are two parallel supporting hyperplanes satisfying 

Fi d Tij , Fj d Tji . 

Now define 

lij = ^(^^j) and 7j, = 7r(Fji). 

Since Pq lies between Tij and Fji, then W lies between 7^- and 7ji. The hyper- 
planes 7y and jji are distinct because the point 7r(c(Po)) lies strictly between 
them. Thus the required hyperplanes are constructed for every pair of points 
(wi ,Wj). Lemma [7] is proved. 

□ 
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6. Cardinality of an antipodal set 

Lemma 8. Let W = {wi, W2, ■ ■ ■ , Wm} C M*^ be an antipodal set. Then m <2^ . 

Proof. Denote by the homothety with center x and coefficient a. 
Take an arbitrary a S (0, and prove that 

Hl^{conv W) n H^^ {conv W) = 0. 

Indeed, let /3y be the hyperplane parallel and equidistant to the hyperplanes 
7ij and . Then the sets H!^.{conv W) and H!;^_ {conv W) lie in different open 
half-spaces in respect to f3ij and therefore do not intersect. 

Let A:' < A: be the affine dimension of W. Since 

H^^{convW) C convW 
and because the sets H^. (W) are pairwise non-intersecting, one has 

m 

volk'{conv W) > volk' {H^^{conv W)) — m ■ volk'{convW), (4) 
1=1 

where vol^i stands for the fc'-dimensional volume. 
Further, because volk'iW) > 0, (HJ implies 

■m<a'^'. (5) 

The inequality ([5]) holds for every < a < i, so it holds also for a = i; 

m<2^' < 2^ 

Lemma H] is proved. 

□ 

Now the statement of theorem [2] is easily obtained by combining lemma [7] 
and lemma m 

□ 
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